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The study of the Hiickel limit for the one-dimensional Hubbard model is very complicated.
It is necessary to prepare the Lieb-Wu system of equations for expansion and then to initialize
the variables which appear in the system, which is not straightforward. However, it is remark-
able that, for the second-order contribution to the energy in this limit, it is possible to obtain,
after complicated manipulations, quite transparent expressions. The analytical solution is
obtained order by order for the variables to 3~ which appear in the Lieb~Wu solution and the
B! coefficient in the energy is calculated using these expansions. The energy can be calculated
numerically using these analytic results for the variables for increasing values of N.

1. Introduction

The Hubbard model in one dimension is an example of a highly nontrivial model
in which the Schrodinger equation can be transformed into a system of transcen-
dental coupled equations which were first obtained by Lieb and Wu [1]. These are
referred to as the Lieb-Wu equations [1,2,3]. It is the intention here to examine the
general problem of expanding the Lieb—Wu solution for the one-dimensional
Hubbard model in the Hiickel limit in analytic form, that is, the limit in which the
resonance integral coupling 3 becomes very large. An introduction to this problem
has already been presented [4], as well as numerical results for the expansion coeffi-
cients in the asymptotic energy series of the energy for a varying number of particles
N in the cycle. The asymptotic expansion of the energy for the infinite chain has
already been introduced by Misurkin and Ovchinnikov [5].

The one-dimensional Hubbard model is a natural extension of the Heisenberg
model. The Hiickel limit of the Hubbard model is quite complicated, and we have
investigated the ground state as well as the excited states in some detail, to obtain
results in numerical as well as analytic form [3,6]. Keeping in mind the complexity
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of the calculation, it is possible to obtain results for the second order perturbation
correction in explicit form. This is possible due to the fact that we are getting con-
siderable decoupling of the Lieb~Wu equations in this limit. Nevertheless, the
analytic calculation is not easy, as will be shown in this paper, although the final
equations are found to be remarkably transparent. The Hubbard model has a
number of physical applications. Of particular importance is the application of the
two-dimensional model to describe high temperature superconductors. We have
also used the one-dimensional model to construct and investigate interpolant
polynomials [6].

There are several reasons for continuing such an investigation from a more ana-
lytical point of view. It will be seen that studying the asymptotic limit as 3 tends
to oo provides mathematical insights into the model in this limit. In particular, it
will provide insight into the structure of the Lieb—Wu equations in this limit. In
addition, once these analytical equations have been written down, these equations
can be programmed relatively easily. The coefficients for the asymptotic expan-
sions of the variables which appear in the Lieb—Wu equations have been calculated
analytically to order 42 in this coupling, and the energy to order 5. It is found
that these analytical expressions yield the required coefficients when evaluated
numerically for rings with extremely large numbers of particles in the cycle.

To begin with, the equations written down by Lieb and Wu will be introduced
along with the relevant notation. The following system of transcendental equations
will describe 4v + 2 cycles in terms of the momenta k; which appear in the wave
function and the 7, which characterize the spin state:

M
Nk; = 2ma; — ZZarctanz(dsin(kj) -7), j=1,-- N, (1)
=1

N
2 Z arctan 2(7, — d sin(k;)) = 2nd, + 2 Z arctan(7, — 7,),
i=1 tiad
o=1,--M, (2)

with

_2b

d
U

Here, 3 is the resonance transfer integral, and U is the one center Coulomb repul-
sion integral in the Hamiltonian [2,3].

In the ground state calculations, cyclic chains with 4v + 2 sites with a half-filled
band will be considered so that N, = N. The ground state is then a singlet state
and the number of down spins is given by M = 2v + 1. The results which are
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reported are for Aig’ however, similar results for excited states have been
obtained.

2. Asymptotic form of variables and equations

The first stage of the calculation is to build the symmetry relations into (1) and
(2) directly. From a calculational point of view, this will be seen to be very impor-
tant because asymptotic series can be calculated out to rather large values of N.
Also, some changes can be made which will make the equations more amenable to
expansion in this limit.

The Lieb—-Wu equations contain n+ v independent variables. There are
n = 2v + 1 independent momenta k; and v spin variables 7, where n = N/2 and all
the other variables are related to this basis set by the following system of
equations:

kiz_‘kN+l-—i, izl,"',N,
Ta = —Th+l-a a:l,-~-,y,

T+l = 0.

The steps will be described in detail for the first equation (1). It can be found
numerically that 7, in (1) and (2) grow like a linear power of d for large d [4]. There-
fore, we replace 7, by d7, so that the 7, which will now appear in the equations
have been scaled by a linear factor of d. Removing a factor of d from the argument
of the arctangent in (1), it is then replaced by B~! so that d = co corresponds to
B—0. Consequently, (1) can be written as

Nkwys = (2i = 1)m — Y 2arctan (2 sin(Kn+i) = 277)

B
v=1
2v+1 . .
;) -2 2 ki
+ 7;;2 2 arctan (2 Sin (k":; ) 77) — 2arctan (.iml(g_"*‘)) .

Settingy = v + 1 + «in the second sum, the new limits run from 1 to v, hence

(2 sin(k,q;) — 21:,)

Nk, ;= (2i—1)mr— Z 2 arctan

B
=1
o (2sin(kny) — 2Tutita 2 sin(knys
+ ; 2arctan( sin "+')B Tvilt ) — 2arctan (—El—n—%'i'z) )
Using the symmetry property 7, = —T2,42- On the first sum above and then intro-

ducing2v + 2 — v = v+ 1 4+ aso the limits on a go from v to 1, we finally obtain
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Nkpyi = (28 = )7 — Z (2 arctan (2 Sm(kn-;-i)B‘w“ Tu+1+a>
a=]

+ 2arctan (2 sinknsi) — T"'H“La) ) — 2arctan (2 _____51n(k,,+,-)> , (3)

B B

where i =1, - -,n. The remaining k; are related to these by the antisymmetry
constraint.

A similar analysis can be done on the second equation (2), and it is possible to
write (2) in the equivalent form

5 2”2’“:1 (arctan (2 Ty+l+a t+ Sin(kn+i)) 4 arctan (2 Ty+l+a ™ Sin(kn+i)))
i=1

B B

2 21,
= 2ma + 2 arctan (:r—;-ﬁ) + 2arctan ("I—;'Slig>

v
+2 Z (arctan (T"HM ; TUHH) + arctan (T"H"L“ 3 T”HH)) .4
TEa

The variables in these equations will be expanded out in formal power series. A
problem arises in that these series must be initialized in order to be able to solve for
the other unknowns at higher orders. Although this problem can be approached
numerically, the required quantities are just the Hiickel values which arise out of
Hiickel theory. At B = 0, the values of the momenta are given by the Hiickel values,
which will be designated kj(.o) and are given as follows:

0
kr(u-Zl =Y,
2
0 0 .
kr(1-22i = kfhzzm =wb (5)
wherei = 1,- - -, v. Further, in the range 0 < B < 0o, none of the k; should coincide,

O<k,,+1 <kn+2< s <kN_1 <kN.

The limiting values of the 7,41+, as Bapproaches 0 are given by
© . [2m
Ty il4a = Sm(wa> . (6)

Consequently, in order that the k,;; go over into their Hiickel values as B goes to
0in the Lieb—Wu equations, the set of functions of the form

D) sin(k,,+,~) + To+l+a
B

2 arctan (

must approach certain limiting values, namely +, as the variable B tends to zero.
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The asymptotic behaviour of the arctangent functions which is evident from
the table suggests that we make the following substitution in the Lieb-Wu system:

2 arctan(x) = +m — 2 arccot(x) | (7

for x 20, x # 0 when —n/2 <arccot x</2 and arccot x—0 as |x| —=>oo. It is the
argument of the arccotangent which becomes large, and in this case, it has the fol-
lowing expansion:

o0

arccot(x) = Y _ x @™+,

m=0
However, as far as the formal power series expansions are concerned, the arccotan-
gent can be replaced by arctangent of the reciprocal of the argument in the function.

The arctangent is much easier to manipulate symbolically. In this case, the system
of equations is

a2 B
Nk, = kffizl + Z (2 arctan ( 3 sin(k )
a=1

n+i) + 2Tyt 140

+ 2arctan B + 2arctan B (8)
2 sin(k,,+i) - 2Ty+1+a 2 sin(k,,+,~)

B B
arctan . — arctan "
; ( (2 sin(ky+:) + 27, V+H-a> (2 sin(knyi) — 2TV+1+&>>

B B
= 2ma + arctan + arctan
Ty+1+a 27u+l+a

B B
+ Z (arctan( ) + arctan( ) . 9)
byt Totl+a + Totlty To+l+a ™ Todldy

Formal power series expansions for the variables in the Lieb—-Wu equations can
be written down. It is found that a new variable must be introduced to carry out
the expansions of the k,..;, namely, we introduce the variable

s =B.

The expansions of the momenta will contain odd powers of s. In terms of the vari-
able s, which is related to B through this equation, the momenta and spin variables
T are to be expanded in powers of s as follows:

n+t = kfgz: + Zan’:-)tsm (10)

Tyglda = Tu+l+a + Z tl/+1+a (1 1)
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Substitute these expansions into the Lieb-Wu equations and then expand the equa-
tions out in powers of s. From the expansions, it is found that it is possible to solve
for the coefficients af, +), and tV +14o analytically one order at a time in terms of the
variables obtained at lower orders. This procedure will give kni; and 7,414, as
power series in s. The power series for the k,.;; can be used to calculate a series repre-
sentation for the energy in powers of the variable s.

3. First-order analysis for the ground state

In terms of the variable s, the system of equations takes the form

v 2
= Nk 2
Nkpy; = Nk,; + ;( arctan ( RTIE 2Tv+l+a)
+ 2arctan i + 2arctan s (12)
2 Sin(kn+i) - 2Tu+1+a 2 Sin(kn+i) ’

n §2 52
arctan - — arctan ;
Z ( (2 sin(kni) + 27,,+1+a> (2 sin(ky4;) — 27’,,+1+a>>

i=1

() eren(5)
= 2ma + arctan + arctan
To+l+a 2TV+I+C¥

v 32 SZ
+ Z arctan( ) + arctan( ) . (13)
Totl+a + Totlty To+l4a = To4l4y

To carry out the first-order analysis, we are concerned with the terms which are
linear in s which arise from the expansmn of the terms in these equations.

For the case in which i = 1, we have k = 0, and in this case, the term which is
linear in s comes from the term

2 arctan
arctan | 5—— )

and gives the equation
W, 1 _
kn+1 (1) - 0 )
n+l

This has the general solution

KD, = N2

n+1
On account of this cancellation, the Lieb-Wu system decouples into blocks

which can be solved independently of each other. To first order in s, (12) gives the
following pair of independent equations
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1

— k(1+). + =0
n+i 1 0 1 ’
——tf,lp,a + Cos(kr(zzi)kr(tli
—NED, L+ : =0
neit a 0 n
_tu4)>1+a + Cos(kp(t-zi—kl )kr(t-zz

wherei = 2ccand 2a + 1 where there are three unknown variables. A third equation
comes from the second Lieb-Wu equation (13),

1 1
0 7 (1) ] 0) \.(1
+2008(ki et ~2810, o + 2cos(k\) KLY

n+i+1

YO
_2tu+l+a

Tog;mplify these eq}lations, let us introduce .the n_otation t= tg,lll tar X = kf,l_z,-,
y =k, };,1- Tosummarize, the first-order coefficients in the expansions of the vari-
ables for a general 4v + 2 member ring requires that we solve the following simple

set of coupled equations,

a(x+y) =2t,
Nax? — Nxt =1,
Nay? — Nyt =1,

where a = cos(k,(gzi)‘ If one subtracts the last two equations, one obtains the
equation

Na(x+y)(x —y) = Nt(x —y) =0,
which implies that either x = yora(x + y) — t = 0, and the second equation implies

that ¢ = a(x + y). Putting this in the first equation, the following constraint is
obtained:

x=-y;
hence, ¢t = 0. Setting ¢ = 0 in the last equation will give explicit expressions for x
and y, thatis
1
0 1
(N cos(kyy))'?

1 _
kn+i ==+

0 1

i1 — F ,
T (N eos(k)?

and the equation which was derived above, namely x = —y, specifies the difference
in relative sign between x and y. The other possibility, x = y, does not lead to a
mathematically consistent solution.
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4, General expansion to fourth orderins

It is shown how the Lieb—Wu variables can be expanded consistently to fourth
order in the variable s in general for an N = 4r + 2 member ring, and that these
expansions can be used to calculate the 57! contribution to the energy of the system.
It will be shown that one can calculate this contribution for the case of very large
rings, and these results can be used to calculate an approximation to {(3) by com-
paring the finite N calculation for the 3! coefficient in the expansion of the energy
per particle for the infinite chain [5].

It will be shown first how the coefficients to fourth order in s contribute to the
energy, which is given by the expression

N
E = —ZEZcoski (14)
i=1

This can be expanded in powers of s once the expansions for the momenta have
been obtained.

To calculate an expansion for the energy in terms of s, an expansion for the
cos(k;) which appear in the energy must be carried out.

Expanding the corresponding cosine term in the energy for k,,,, one has

1
2c08(kni1) = 2 = k15" + (ﬁkf,‘l;‘ - zkfjglkf,gzl)g b

For the conjugate pair kn42q, knt20+1 Where & =1, - - -, v, it is useful to group the
terms in pairs and expand to take advantage of sign cancellations on account of the
symmetry conditions:

2(Cos(kn+2a) + Cos(kn+2cx+1))

(] . 0 2 0 1)2
= dcos(kl)y,) + (~4sin(kl, kD, — 2cos(k%, )3 )5
. 0 2 12 . (] 4 0 14
+ (2sin(kl K, k05— asin(k{, kD, + Leos(k, K\

0 2)2 0 3 1
B zcos(kfl‘zza)kf"z?‘a - 4COS(k'(H)'20£)kEI<32&kEH)-ZQ)S4 +-y

where we have just kept terms out to order s*. If this equation is summed over o
from 1 to v, and the expansion for 2 cos(k,) is added to the result, the energy to
fourth order in s can be calculated. Summing the geometric series in the cosine
gives

Y 2 1 — sin(&
Zcos (—Ea) = ——.E-n;(N—) .
po N sm(ﬁ)

Collecting terms, it is found that
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E® 2
ZB - sin(¥) (

- 2c0s(k,) n‘lia))sz + (et - 220

kol + Z (4cos(kiy,) — 4sin(kl);,)

0 2 12 . 0 4 0 )4
S W AL, 45 T + ook

0 2)2 0 3 1
—2cos(k®, kP2 — dcos(k®, )k, Kl gh))ﬁ .

Notice that if we divide both sides of this equation by N, the limit of the first term
as N goes to infinity is just 2/7 and then multiplying by —20, one obtains the first
term in the expansion of the energy for the infinite chain. It is noted that (14) is
equivalent to the results of perturbation theory, as will be shown by explicit calcula-
tion in a forthcoming paper.

5. Solution of equation for arbitrary N

The equations for the general case rapidly become more complicated. However,
by considering each term individually, the contribution at each order in s which is
made by a specific term in the set of equations can be written down, and then pro-
grammed [7,8].

The expansions are carried out in powers of s by first writing down the Lieb—
Wu equations in the form given below and substituting the series (10) and (11).
Consider the first set of equations (12). Suppose i = 2¢ is not equal to one. Then
there is a term in the sum in which v = o, and the resulting term can be taken out of
the sum on its own. Dropping the unimportant constant, the first system of equa-
tions becomes

2
Nkp2o = 2arctan -
n+2 (2 Sln(k,,_,.za) + 2Ty+l+a>
+ 2 arctan ( $ )
2sin(Kpi20) — 2To414a

5
* Z (2 arctan (2 sin(kpt24) + 27v+1—f—’y)

=1
T#a

+2 arctan $ + 2arctan ——SZ—
2 Sin(k,H.ZG) - 2T,,+1+7 2 Sin(k,,+2a) ’
(15)
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Since the Hiickel variables are given by (5) and (6), important cancellations occur
when the second term on the right is expanded out in powers of s,

S2
2arctan{ —
(2 Sln(kn+2cr) + 27,41 +a>

0 1 1
IR N N
- R 0 ] 0
2sin(k(),,) sin? (k)
The other term is

§2 s
2arctan - —
' (2 sin(knp42q) — 2Tu+1+a) (tm — cos(k(o) )k(l) )

vtl+ta n+20/ " n+2a
2 . 0 12 0 2
+ 2tf/~&)-l+oz + Sln(kfwzza)kleza -2 cos(kfx-z?.a)kr(z-zla E

1 0 1 2
(t,(,-gla-a - Cos(kfx-{»)-?.a )kft-ZZa)

On the other hand, when v # «, the expansions are given as

2
2arctan| — 0
2sin(k, 5,) + 2Tu 4144

0 1 1

3 5 Cos(kfz—gh)kt(l-QZQ + tz(HzHJY 3
= 0 - . 0 0 T

Sln(kn+2a) + T,E+)1+’y (Sln(kr(z-})-?,a) + Tzs—gl‘t»'y)z

and
5
2arctan( 0
2sin(k,/5,) — 2Tu414y
1 0 1

_ t,(,.zl.y.n, - Cos(kfx-zh)kfz-{)-Zaé +..
 sin(k©@. Y — 7O in(k®_ )y _ O 2 ’

Sln( n+2&) Tu+l+’y (Sln( n+2a) TU-H-(-'V)

It has been pointed out that a linear term in s appears on account of the cancella-
tion noted above. The first-order contributions have already been derived, and so
we use the results obtained to go to higher orders.

Similarly, if we set i = 2.+ 1, again not equal to 1, and remove the v = o term
from the sum, one has
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Nkyirory =2 arctan( s )

2sin(kni20+1) + 2To 4140

+ 2arctan ( s )

2 Sill(k,,.,,zaH) — 27'y+1+a

- &2
+ 2arctan ( - )
:L:T ( 2sin(Kni2a+1) + 270414
Yo

+ 2 arctan( s ) )
2 sin(k,,+2a+1) - 2Ty+1H

+ 2 arctan (

— . 16
2 sm(k,,+2a+1)> (16)
The final set of equationsis

& 5
arctan - — arctan -
(2 sin(kn41) + 2'ru+1+a) (2 sin(Kn41) — 27'u+1+a)

+ arctan ; - arctan ;
(2 Sln(kn+2a) + 2Tyt 14a 2 Sln(kn+2a) - 2TU+1+Q)
.5’2

Sl
P — arctan -
2sin(Kn2041) + 2Tu+l+a) (2 sin(kny2a41) — 2n+1+a>
v

s s
,Z; (arCtan (2 sin(knt) + 27"u+1+a> ~ arctan (2 sin(kpi) — 2Ty+]+a))

i#2020+1

& &
= arctan + arctan
Tutl+a 2Tyt14a

2 2 ¢
+ Z (arctan( ) + arctan( )) V)
o Ty+l4a t T4y To+l+a ™ Totldy

The required terms are collected together in tables 3 and 4 for the third-order
and in tables 5 and 6 for the fourth-order terms for the expansion in s. The second-

order calculation will be treated in detail, and the contribution to k.2, is given by
the following equation:

2 . [4] n2 0 2

o (2 im0 2eostkO

Nk 2o = . (0) + (1 © () y2
2sin(k, ;) 2ty 140 — €08(Kpy 20 Kny20)

+ arctan(

+ i ! + ! + L

: Q ] . 0 0 . 0 )
v Sm(kf:}-za) + T£+)1+7 sin(k{),,) — Tx&gl%ﬁ sin(kyra,)
Y«
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Table 1
Definition of quantities which appear in contributions at fourth order in s from Lieb-Wu equations.

Aniza = ‘2%",(.2;’9(2@

oG]

B"+20' = 6C0 n+2a’ ntlo

Crira = 4803k£:32ak£%22akgm

Dnyae = 368 s

n4+2a°

Enira = —2403 k%3

o n+2a
Fn+2a = —3Sak,(,2;a
Gro = 60k,

co = cos(k,,)

S = sin(kfﬂh)

where a =1, - -,v. A second equation which also contains the variable t,(izl +a

comes out by setting i = 2a + 1 and since k,(fizm = 1(1(2201 +1 the same value of 8 = o
in the sum provides the same cancellation. There is then another equation identical

with the above but with kfﬁza replaced by kﬁm 41 everywhere. The first-order anal-

ysis yields the conditions t,(/:zl +a=0 alélz()i k,(,:ZZQ =— ,(22& +1- Therefore, it follows

easily from the equation above anditsk, , ., companion that
JAC Y A C)

n+2o n+2a+1 °

Table 2

Numerical values for |f3| and apBroximations to ¢(3) for rings with N = 6 to N = 8738. The approx-

imate zy(3) is calculated using f,(v . The absolute errors I' = |zy(3) — ¢(3)|/¢(3) are also given.

N lf}%l ZN(3) r
6 0.03356481481 1.189394212 1.3 x 1072
10 0.03379101966 1.197409948 4.7 x 1073
14 0.03385488195 1.199672957 24 x1073
30 0.03310743938 1.201535368 43 %104
34 0.03391069544 1.201650749 4.1 %104
102 0.03392088250 1.202011735 3.7 x10°°
514 0.03392210695 1.202055124 1.5 x 10~¢
2570 0.03392215514 1.202056832 59 % 1078
8738 0.03392215697 1.202056897 50 x10°°
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Table 3
Third order in s with symmetry conditions applied to kp+; and 7,41 44-
0) \ 1 {1
2arctan ¢ _ Cos(kflli)kfl-zi
2sinknsi + 27t 14a (Sin(k;(;?i) + Tu+1+a)2
2arctan ¢ cos(k(o) ) JA0)
2sinknyi — 2Ty 414a —_ i/ nti
(Siﬂ(kfgr)i) - Tﬁ?xm)z
0) v, (1
2arctan ———— - M
2 sin(knyi) sin’ (k,(:zi)
78 hra = sin(ky)
(0) (1)
2arctan —— ¢ _ cos(knsi)kniy )(Ioc)"“
(2sin(knii) + 270114a) 4sin®(k;,,;)
0 3 1)3 (0 ‘
2 arctan s " Cos(kfx«zi)(kfnli - kf.l.- /6) = Sln(kr(zj-i)kggikfxlzi
(2sin(kn+i) — 2Tu114a) 2cos? (kfgz,)kﬁzxz
(2 cos(kr(r?i)kr(zzi » Siﬂ(kf,?i)kﬁgf)z
4cos? (ky )i iy
_ 1
12 cos? (kffj} i)k,(,izf
Solving the first equation above for kf:zza, one obtains
e . 17.(0) (12
2Nk(2)2 — 3 +N 2tu+1+a + Sln(kn+20)kn+2a
ntla (0) V)
Tytl+a 2cos(ky2q)

1 1
+Z © 0 + (0) 0

v#a \ Tutl+a + Totl4y Toti+a = Totlty

The last equation which relates k?_ and f?  comes from the second Lieb-Wu

n+2o v+ 14

equation, and it is given by
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Tabled
Third order in s from Lieb-Wu continued.
0) (1
2arctan -———— - ____m_cos(kf‘li)kf, *L
2sinky; sin® (kﬁ‘.’i,-)
arctan 0
To+l+a
arctan 0
Tyv+1+a
arctan ———————— 0
Totl+a + Totlpy
arctan —————eee 0
Totl4a = To+l4y
0
k,(.+)1 =0
s k)
2 arctan —— — il
2sin(kps1) + 2704140 T£‘212+a
2 &%)
2arctan — — -t
2sin(kns1) — 274140 7'52312 o
9 arct (k,(,i)) - kr(z:z?/ 6) 1
arctan ;—n—s Snonn) - iy -
ntl Lo 12k,
@ 1,0 (12 (0) 2
1 " 1 2t41 40 + 80Ky 50 Ky 56 — 2008(Ky 20 )20
0 a0 21,0 (12
Tu+1+a 4 Sln(kn+2a) 4 cos (kn+2&)kn+2a
(2) o r.(0) (1)2 (0) (@
4 1 2y 140 + 800k, L ) 01 — 2€08(K, 000 K, Lan
i 11,0 21,0 (N2
4sin(k, dcos?(k,  r. )k, 00
1 & ( 1 1 )
=S -
a0 (0) i (100) (V]
21‘#2;::22&-!-1 Sll‘l(ka) + Tu+l+a Sln(kn-f—i) - Tu+1+a
1 1 Y 1 i
= + +y +
(0) (0) (0) (0) (0) (0)
Torlba  2Topita  vPa \Topita T Tori+y  Tvrlda ™ Totlty

The sum over i can be turned into a sum over «y by setting i = 2y and 2y + 1 con-
secutively. A factor of 2 must now be included since ~y goes from 1 to v and 7y # a.
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Table 5
Fourth order contributions from terms in Lieb~Wu equations.
0) \,.(2 <o (0) (12
5 arctan 5 2 cos(k0)k2); — sin(k® )k’ V2
G 0
2sin(ky)) + 701 00)’

s

2sin(knyi) + 2704140

2arctan

2arctan m

7 = sin(k@) + 795

2

2 Sin(kn+i) - 2TV+1+0

2arctan

52

2sin(kpii) + 2704140

2arctan —
2sin(knyi) — 2704140 24c}‘kf,2':
+ Boyi+ Coyi + Dngi + Engi + Fopi + Gy
24cik)}
0) 1, (2 < (0 12
2 Cos(kngi)kr(:li = Sm(kr(l-zi)kr(ﬂ)-i
arctan ——— - - 2 ,.00)
2sin(kn44) sin”(k,.;)
0 12
cos? (kiy, i
: 0
sin (k{'))
2arctan 0
Tvtlta
arctan 0
Tvtl+a

0 1373
cos? (k% )k):
. 0 0
(sin(k(0) + 79, ,.)°

2 cos(k,(gz,-)k,(izi - sin(kﬂi)kﬂf
(0 §
2(sin(ky)) — T a)

0 12
cos? (ki)

+ . [4) 0
(sin(k) = 79,0’
_ (cos(kD)KE, — sin(kD))k /2)
sin’ (k{%)

cos? (k0 )il)?
sin® (k%)

2 CDS(kf,?x)kfﬁ.‘ - Siﬂ(kf.?,-)k%
8 sin®(k,)
cos” (ky )y ;
8sin’ (k"))

12, (4 1) (4
Anti — 24c3t+ikr(ﬂzi kﬁl,- + 2462n+ikr(x-§)-iTn£+)l+a
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Table 6
Fourth order contributions from terms in Lieb-Wu equations.
2
arctan —mmM8 ———— 0
Totlta + Toslty
arctan———7m7————F——— 0
Tutl+a — Tv+1+’y
K9, =0
2 02
2 arctan — ntl
2sin(kns1) + 2Tus140 153_);:_0
& k(l)z
2arctan — — ikl
2sin(kns1) = 2704140 7
2arctan ————— 0
2 sin(kny)
Moreover, using the previous results K — and k%, =@ we
g p nt2a = " Kntdari nt2a = Kpiaat1

obtain the equation which relates tfﬁl +al kfx 220 as follows:

2 0 2 . (0 1)2
t,(ﬂzl-m = Cos(kr(zlza)k;(wzza - %Sm(kfxlza)kfxlza .

Substituting this into (15), we obtain the following simple equation for K@ 20 1D
terms of known quantities,

o 1 1
Nhi2a =35 (0> * Z o) @ 0 @

Toslte v \Tutlta T Torley  Totlta ~ Todlty

Substituting into the equation above, one obtains an expression for 2 bil+qr Lhere
is one final case to be treated, namely the case i = 1, which determines k,,;. The
equation which results to second order in s is given by

?

n+l
(1)2
n+1

and this implies that, for any N-chain, the general solution is

Nk(z)

@ _
kn+l 0.

That is, the second order coefficient of the variable k., is always zero.
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6. Calculation of third- and fourth-order variables

In order to calculate higher-order coefficients in the expansions of the variables,
the function terms in the Lieb-Wu equations are expanded out. The required equa-
tions which must be solved at each order can be constructed from these tables by
taking the corresponding terms from the given table and replacing the term in the
Lieb-Wu equation as formulated in the last section to which the term corresponds.
These equations can be solved for the coefficients of the variables at that particular
order. Incalculating the elements in the tables, it should be pointed out that the con-
straints on the coefficients given previously have been used in order to make the
presentation more compact.

To third order in s, the equation which determines k,(fz] is given by

v 1 1 3 13
i o[ K LYok
mtl 02 02 k(D2 PYIOEN

a=1 Tu+l+a v+l4a n+1

n+1

Solving this for k"), it is found that

@ _ e ] 1y 1
kot = ~Knit Y o T gk~ TIONN

a=1 Tytita n+1

To third order in s, there is one independent equation in kgh given the symmetry
conditions, and we simply present the result after some simplifications,

v 0 1 0 1
PO _1_2 — cos(kylpa e _ c0s(ky1z0)K\2a
n+2o0 T . 0 0 . 0 0
e (sin(k{Ds) + 704, (sin(klly) — Ti0,)
vy
0 1 232 1)4
_ 5008(kia0)klag _L( ap 12605, =3k 41 )
. 0 +20 1 0 1
8N sz(kfhzza) 241" kr(t+)-la COSz(k:(xzza)kfxlza

(18)
The fourth-order contributions can be extracted from each of the terms in the
Lieb-Wu equations in the same way that the third-order contributions were
handled. The terms which yield cancellations have already been separated out to
give eqs. (15) to (17). To obtain the equations for the fourth-order variables it is
necessary to extract the corresponding terms from tables 5 and 6 and then substi-
tute into these two equations, exactly as for the case of the third-order analysis. The
details are mode tedious, and will be omitted here.

From egs. (15), (16) and (17), a system of three linear equations in the three
4

unknowns kﬁm, kf:zh 4+i-and 7, is obtained foreach o from 1 to v. The symme-
try constraint k,(:zzg = k,(:zh derives from solving these. It is quite useful in terms

of programming to implement this constraint directly, and to work with two vari-
ables. Asetof o = 1, - - -, v structurally equivalent blocks of equations results, such
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that each block depends only on these three variables. Notice that these equations
which give the fourth-order variables depend only on the variables at lower orders
which have already been calculated, and one may assume are known, since the cal-
culation proceeds order by order.

At this point, expressions for all of the terms on the right-hand side of the expres-
sion E® have been obtained, and by straightforward back substitution, an expres-
sion for the energy to the required order is obtained.

It has been shown here that the Lieb—Wu system decouples into blocks of three
e uatlons each, which contain only three unknown variables at a time K%

n+-2a
kn 24l tf,'ll +o 8 well as the variables determined at lower orders, and so we are
free to solve at order i by simply solving each of the @ = 1, - - -, v blocks separately.

This allows for the complete solution to order four of the Lieb—~Wu equations in
this limit.

It has been shown by explicit calculation of individual terms that this decoupling
holds to fourth order in s, in the sense that at an order in s, there are three indepen-
dent equations in the variables kn}rza, kn 20l tu +14o Which depend only on the vari-
ables from only lower orders. These have already been calculated and are
assumed known. None of the unknown variables from higher orders appear in this
set. This decoupling is closely connected with the cancellation that takes place
upon expanding the functions. Although we have no formal proof at the moment, it
is conjectured that this decoupling persists to arbitrarily high orders in s. Finally,
these results have applications to the interpolation problem which is introduced
and discussed in[9,10].

Appendix
NUMERICAL APPROXIMATION OF ((3)

It has been shown that by expanding the momentum variables to fourth order
in s, the cosine terms which appear in the energy can be consistently expanded to
fourth order in s. Since s is proportional to #~!/2, this represents a contribution of
(72 in the expansion of the cosines, and when the factor 3 outside the cosine terms
is included, this analysis leads to the 3~! contribution to the energy. It should be
emphasized again that this analysis was carried out for arbitrary N = 4 + 2, and
so the ! contribution can be calculated for very large ring sizes. The values of N
considered have relevance to the constructability of a regular N-gon with a
straightedge and compass.

Since the contribution can be evaluated numerically for very large N values using
this analysis, this leads to the possibility of estimating the Riemann zeta function
¢(3). This is done by comparing and equating coefficients of powers of 3 between
the energy per particle of the finite system, and the energy per particle in the expan-
sion for the infinite chain. If we represent the corresponding coefficient from the
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finite ring expansion of the energy per particle in powers of f~! by ay _,, then
equating coefficients gives the following simple equation:

32 =3 7C(3) lan, 2| .

Solving this equation for ¢{(3) and scaling ay,_, to go from [ back to s, one
obtains

— o (2)
¢3) = 175 IaN 2| |,

where f is the coefficient of s* in the expansion for the energy per particle. As N
becomes large, the values of f,f,) obtained by calculating ay _; ought to yield an
approximate value of {(3) which tends to the exact value of

¢(3) = 1.202056903159594285 .

By using this technique, the coefficient fjs,z) has been calculated for extremely
large but finite particle numbers N. The calculation has been done for rings with
N = 6 particles all the way out to N = 8738 particles, and these results are collected
together in table 2.
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